Abstract
Introduction gene-for-gene and matching-allele infections and initially assigning one parasite per host. Second, 23 we utilize an analytical result [15] for the neutral site frequency spectrum (SFS) under arbitrary 24 deterministic population size changes and apply it to the host and parasite populations. We show 25 that these population size changes can be quite drastic in the parasite and occur on a time scale 26 slow enough to leave a corresponding signature in the SFS over time. Conversely, changes in the 27 host size are barely detected in the polymorphism data. Finally, since such recurrent bottlenecks 28 in parasites cause a reduced amount of polymorphism, we further discuss the impacts of multiple 29 parasites per host and multiple parasite generations per host generation.
30
Theoretical and computational framework 1 Modeling a single coevolving locus 2 We have a haploid one locus model with A alleles in the host and in the parasite. The infection 3 matrix is given by = (α ij ) with 1 ≤ i, j ≤ A. The entries α ij give the probability that once en-4 countered hosts of genotype i are infected by parasites of genotype j. Examples of simple infection 5 matrices for two alleles are given in Table 1 .
6
In analogy to [16] the changes of host and parasite allele frequencies over time are determined 7 by the following coupled differential equations:
In Equations (1) and (2), H i is the number of healthy (i.e. non-infected) individuals of genotype i,
9
and I ij denotes the number of host genotype i infected by parasite genotype j. b i and d i are the birth 10 and natural death rates (i.e. independent of the disease) of host genotype i, respectively, and δ ij is 11 the disease induced death rate caused by pathogen j on host genotype i (i.e. the effect of pathogen 12 on host mortality [16] ). β ij is the disease transmission rate between a parasite of genotype j and a
13
host of genotype i. c H i and c P j are the costs for the hosts and the parasites of carrying genotype i 14 and j, respectively. s ij is the decrease of reproductive fitness of host genotype i due to an infection 15 of parasite j, i.e. the effect of pathogen on host fecundity. Due to the large number of parameters 16 Table 1 Infection matrices for four coevolution models matching-allele inverse matching-allele gene-for-gene inverse gene-for-gene The infection matrices determine the outcome of the interaction between host genotypes (rows) and parasite genotypes (columns). To keep the illustration simple, the rates α ij are either chosen as one for infection or as zero for resistance. Matching-allele and gene-for-gene models are shown as well as their inverse versions.
in our epidemiological model, we investigate a simplified version with two alleles (A = 2) in the 1 host and in the parasite except for the evaluation of the host effective population size over time (SI 2 1) and the reproduction ratios (SI 2), which can be computed for arbitrary A. Due to the purely 3 deterministic setting, an allele is considered as lost as soon as its count takes a value below one.
4
We only allow rates and costs to differ among the genotypes in SI 1, SI 2, and for the calculation depending on the considered model (see Table 1 ). While we evaluate the fixed points (SI 3) for defends itself successfully against P 1 , and P 2 can infect both host genotypes, only H 1 and P 2 are 16 assumed to carry realistically small costs c H 1 and c P 2 (c H 2 = c P 1 = 0, see [4] ).
17
The total number of hosts of genotype i is given by W i = H i + as N P = A j=1 P j (as we assume first one parasite per host).
24
Assessing the effect of the coevolving locus on neutral polymorphism patterns 25 To evaluate the impact of host-parasite interactions on neutrally evolving and genome-wide dis-
26
tributed SNPs over time for interesting cases (as determined by the stability analysis), we utilize 27 the SFS (SI 4), which is the distribution f n,i (t) of the number of times i a mutant allele is observed 28 across sites in a sample of n DNA sequences at time t. While f n,i (t) takes allele counts in absolute 29 numbers, its relative version r n,i (t) = f n,i (t)/ by the co-demographic scenario in terms of the SFS (also in relative numbers) and the average 7 number of pairwise differences Π n (t) = 1/ pronounced signals of all allelic classes, but results are similar using Π n (t). where the population size drops instantaneously to one tenth of its original size at time zero for 5 generations before recovering again to its original size. Original time in generations is opposed to time scaled in units of the initial population size on the x-axes and the population size changes are given in absolute and relative numbers on the y-axes. The absolute number of singletons scaled by θ, f 20,1 (t)/θ, are illustrated for the respective cases in (b) and (d). The bottleneck is more apparent in (b) than in (d), where the changes of f 20,1 (t)/θ stay within a five percent margin. This is due to slower rescaled time in the first scenario (a), where the population size drop affects polymorphisms prolongedly.
The third important feature of our model is the underlying assumption regarding genetic drift. pathogens during the drawing of the next generation's allele frequencies.
10

Modeling overlapping generations
11
A simulation protocol was designed that accounts for the effect of overlapping generations in the solving (1) and (2).
13
For the stability analysis, the initial conditions were chosen so that N W is close to 10,000 and the 14 infected alleles make up 20% of the healthy ones (H 1 = H 2 = 4150, I 11 = I 12 = I 21 = I 22 = 415).
15
The birth rates b were fixed to one and c H = c P = 0.05 for the MA model and c (up to a rescaling of the underlying parameters).
24
The impact of the various parameters on the behavior of the dynamical system can be sum- it may be unrealistic to aim to infer the model itself (MA or GFG) based on polymorphism data. In MA model is given in SI 7.
18
We also observed that signatures of coevolutionary cycles in the host and parasite SFS de- 
25
To detect changes in the SFS in host and parasite, it is also important to assess if enough genetic 26 diversity can be observed over time. We find that the absolute number of polymorphisms strongly host population size of 100,000 and 2% of initial disease prevalence, and 2) an initial population 1 size of 10,000 with 50% initial prevalence (for GFG and MA models in SI 9). We observe that the Table 2 ). Cycles are more likely observed in parasites with large 10 genome mutation rates such as fungi or protozoans in contrast to bacteria (Table 2) . Population size changes in host (dashed) and parasite (solid) are generated for the GFG model with the same parameter set as in Figure 3 . The average number of pairwise differences scaled by θ, Π 20 (t)/θ, is plotted against time for our analytical framework based on the diffusion approximation of the WrightFisher model (black) and for our simulation approach (red) with a fractional overlap of 1 − d (d = 0.9) between successive time steps. For the simulations, computational time steps are set to 0.001, a genomewide mutation rate of µ = 1 is applied, and each value is obtained as an average over 10 repetitions.
Multiple parasites per host and polycyclic diseases 11
We extend our predictions for two classic deviations from our model. First, multiple or even 12 a large number of parasites, as denoted by F , often infect a single host. Considering this effect 13 on the SFS leads to an increased scaled mutation rate F θ thereby increasing the number of seg- rescaling is expected to enhance the detectability of coevolutionary cycles using the parasite SFS.
5
We investigate the joint impact of multiple parasites per host and polycyclic diseases in SI 10.
6
We compute the SFS over time for the GFG above (Figure 3 We demonstrate that using time sampling data, i.e. population samples of hosts and parasites at Polymorphism data can be used to detect coevolutionary cycles, if such cycles run sufficiently 8 long at adequately low speed. We indeed predict that long term occurrence of cycles should be 9 searched for in parasites that strongly decrease the host fitness due to high disease severity s (par-10 asite effect on fecundity). For low to moderate disease transmission and smaller values of s the 11 internal polymorphic equilibrium point is a stable attractor, meaning that cycles damp off quickly 12 towards a polymorphic equilibrium at which population size and allele frequencies are fixed (Fig-13 ure 2). For high values of the disease transmission rate β and parasite virulence δ (effect of parasite 14 on mortality), the internal polymorphic equilibrium point is an unstable point [2], and a monomor-15 phic equilibrium is reached with a fixed population size [10, 12] . Cycles should be slow enough to 16 be observable in polymorphism data, and our results challenge the classic assumption that coevolu- overlapping generations for hosts with high death rates.
We only consider neutral sites because arbitrary demographic changes can be used in the an-7 alytic solution for the SFS as needed to cope with the complex demographies arising from our 8 dynamical system. The frequency spectrum for sites under selection can only be computed for 9 piecewise changes in the population size [30] . This approach is not readily applicable for such 10 complex demographies because their discretization would be computationally cumbersome.
11
Time sampling is crucial for capturing cycles (see SI 10) that can be observed in the poly-12 morphism data for several hundreds of parasite generations, if the genome mutation rate and the 13 effective population size are sufficiently large (see Table 2 ) and if SNPs are sampled at appropriate 
Assuming that s ij = s i , δ ij = δ i (i.e. both parameters being independent of the parasite genotype) 3 and setting dN W /dt to zero, we have
It particularly follows that From (2), we obtain
Assuming that d i = d and δ ij = δ j (i.e. both parameters being independent of the host genotype), 9 the former equation simplifies to
The reproduction ratios of the parasite genotypes are given by
If all R 0,j < 1, the parasite genotypes are eliminated since they kill more hosts than they infect new 12 healthy ones. When one of these ratios is greater than one, the corresponding parasite genotype is 13 maintained in the population.
14 SI 3. Fixed points of the dynamical system 1 We calculated the fixed points by setting (1) and (2) correspond to those of two alleles, whereas results for the iMA and the GFG model can only be 6 obtained for special cases when A = 3, but the solutions are not enlightening.
7
and
.
For the MA model the fixed point, where all alleles may have nonzero frequencies, is given by
, where for i = 1, 2,
Besides the trivial solution of all alleles having frequency zero, the remaining solutions are given 10 by (W * 1 , 0, P * 1 , 0) and (0, W * 2 , 0, P * 2 ).
12
For the iMA model the fixed point, where all alleles may have nonzero frequencies, is given by 13 (W * * 1 , W * * 2 , P * * 1 , P * * 2 ), where for i = 1, 2,
and P * *
Besides all alleles having frequency zero, the remaining solutions are given by (W * * 1 , 0, 0, P * * 2 ) and
15
(0, W * * 2 , P * * 1 , 0). with nonzero entries is given by (W * * * 1 , W * * * 2 , P * * * 1 , P * * * 2 ), where
Besides all alleles having frequency zero, further solutions are given by (0, W * 2 , 0, P * 2 ), (W * * 1 , 0, 0, P * * 2 ) 2 and (0, W * * 2 , P * * 1 , 0).
For c H 1 = c H 2 = c P 1 = c P 2 = 0, we also obtain 5 W * * * 1 = 0, W * * * 2 = −Î 22 + u 2 , P * * * 1 = −Î 22 + v 2 and P * * * 2 = 0, whereÎ 22 denotes the equilibrium solution of the infected host genotype. With the additional as-6 sumption of equivalent rates and costs among both host and parasite genotypes, so that particularly
whereĤ 2 denotes the equilibrium solution of the second healthy host genotype.
9
For the iGFG model, the nontrivial equilibrium solution is equivalent to the MA model with
11
(W * 1 , 0, P * 1 , 0). The absolute site-frequencies over time f n,i (t), 1 ≤ i ≤ n − 1, with a mutation-drift equilibrium at 
for l ≥ 1, is a generalized hypergeometric function, and R(s) = exp − k 2 t s ρ −1 (u)du .
15
The relative site frequencies over time r n,i (t) are obtained as r n,i (t) = f n,i (t)/ n−1 k=1 f n,k (t), where 16 the denominator gives the absolute number of segregating sites, S n (t). For the average number of 17 pairwise differences, we have Π n (t) = 1/
19
These implementations can be computationally demanding since the inverse of the relative popula-20 tion size function ρ(t) has to be integrated numerically with high precision before being applied to 21 an exponential function that has to be integrated numerically again from the initial time zero up to 22 the time points at which the SFS are evaluated. These exponentials also cover binomial coefficients 23 that depend on sample size and the numerical integration has to be performed for every single one 
P2
I 12 and I 21 get lost; I 11 and I 22 increase towards infinity
In the left column the possible fates of (healthy and infected) genotypes are summarized and assigned to colors. In the right column corresponding exemplary parametric plots of host and parasite allele frequencies are shown using Equations (1) and (2). The black dot depicts the initial allele frequency, whereas the red dot shows the zero point in the first and the fixed point in the third and in the fourth subfigure. illustrate expansions and declines to the fixed point, respectively. In the left column the possible fates of (healthy and infected) genotypes are summarized in addition or slightly modified to the scenarios already presented in Table SI 5.1.1 by means of the MA model. In the right column exemplary parametric plots of host and parasite allele frequencies are shown (in the first three panels for the dark color). The black dot depicts again the initial allele frequency. 
